We study a new exactly solvable model of coupling of the Dark Energy and Dark Matter, in the framework of which the kernel of non-gravitational interaction is presented by the integral Volterratype operator well-known in the classical theory of fading memory. Exact solutions of this isotropic homogeneous cosmological model were classified with respect to the sign of the discriminant of the cubic characteristic polynomial associated with the key equation of the model. Energy-density scalars of the Dark Energy and Dark Matter, the Hubble function and acceleration parameter are presented explicitly; the scale factor is found in quadratures. Asymptotic analysis of the exact solutions has shown that the Big Rip, Little Rip, Pseudo Rip regimes can be realized with the specific choice of guiding parameters of the model. We show that the Coincidence problem can be solved if we consider the memory effect associated with the interactions in the Dark Sector of the Universe.
I. INTRODUCTION
Dark Matter (DM) and Dark Energy (DE) play the key roles in all modern cosmological scenaria (see, e.g., [1] - [17] , and references therein for the history of problem, for main ideas and mathematical details). The Dark Matter and Dark Energy interact by the gravitational field, thus creating the space-time background for various astrophysical and cosmological events. In addition, according to the general view, the direct (non-gravitational) DM/DE coupling exists. One of the motivation of this idea is connected with the so-called Coincidence Problem [18] [19] [20] ), which is based on the fact that the ratio between DE and DM energy densities is nowadays of the order 73 23 , while at the Planck time this ratio was of the order 10 −95 , if one uses for calculations the energy density, associated with the cosmological constant (see, e.g., the review [21] for details of estimations). Clearly, the non-gravitational interactions between the DE and DM, or for short, interactions in the Dark Sector of the Universe, could start up the self-regulation procedure thus eliminating the initial disbalance. There is a number of models, which describe the DE/DM coupling (see, e.g., [21] [22] [23] [24] ). The most known models are phenomenological; they operate with the so-called kernel of interaction, the function Q(t), which is linear in the energy densities of the Dark Energy and Dark Matter with coefficients proportional to the Hubble function [21] . In the series of works [25] [26] [27] [28] the DE/DM interaction is modeled on the base of relativistic kinetic theory with an assumption that DE acts on the DM particles by the gradient force of the Archimedean type. In [29, 30] the DE/DM interactions are considered in terms of extended electrodynamics of continua. In [31] the kernel Q(t) was reconstructed for the case, when the cosmological expansion is described by the hybrid scale factor, composed using both: power-law and exponential functions.
In this work we present the function Q(t), the kernel of DE/DM interaction, in the integral form, using the analogy with classical theory of fading memory. The appropriate mathematical formalism is based on the theory of linear Volterra operators [32] ; the corresponding integrand contains the difference of the DE and DM energy densities. The kernel of interaction vanishes if the DE and DM energy densities coincide; when these quantities do not coincide, the kernel of interaction acts as the source in the balance equations providing the procedure of self-regulation. However, in contrast to the known local phenomenological representations of the interaction kernels, the value of the source-function Q(t) in the model, which includes the Volterra integrals, is predetermined by whole prehistory of the Universe evolution. As the result of modeling, we see that the ratio between the DE and DM energy densities tends asymptotically to some theoretically predicted value, which can be verified using the cosmological observations. The paper is organized as follows. In Section 2 we recall the main elements of the phenomenological approach to the Universe evolution filled by interacting Dark Energy and Dark Matter. In Section 3 we formulate the model with kernel of the Volterra type, derive the integro-differential equations describing the Universe evolution, and obtain the so-called key equation, which is the differential equation of the Euler type of the third order in ordinary derivatives for the DE energy density. In Section 4 we classify the exact solutions with respect to the sign of the discriminant of the characteristic polynomial. In Section 5 we consider three examples of explicit analysis of the Universe evolution in the proposed model, and distinguish two exact solutions indicated as bounce and super-inflation, respectively. Section 6 contains discussion and conclusions.
II. PHENOMENOLOGICAL APPROACH TO THE PROBLEM OF INTERACTIONS IN THE DARK SECTOR OF THE UNIVERSE
First of all we would like to recall how do the phenomenological elements appear in the theory of interactions in the Dark Sector of the Universe. We consider the well-known two-fluid model, which describes the so-called Dark Fluid joining the Dark Energy and Dark Matter; in this model the baryonic matter remains out of consideration.
A. Two-fluid model in the Einstein theory of gravity
The master equations for the gravity field
are considered to be derived from the Hilbert-Einstein action functional. Here R ik is the Ricci tensor; R is the Ricci scalar; Λ is the cosmological constant; T ik (DE) and T ik (DM) are the stress-energy tensors of the Dark Energy and Dark Matter, respectively. These tensors can be algebraically decomposed using the Landau-Lifshitz scheme of definition of the fluid macroscopic velocity:
Here U i and V i are the timelike velocity four-vectors, the eigen-vectors of the corresponding stress-energy tensors:
The corresponding eigen-values, the scalars W and E are the energy density scalars of DE and DM, respectively. The quantities P ik and Π ik are the pressure tensors of the DE and DM; they are orthogonal to the velocity four-vectors:
The Bianchi identity provides the sum of the DE and DM stress-energy tensors to be divergence free:
This means that there exists a vector field Q i , which possesses the property
Till now we did not use the phenomenological assumptions; only the next step, namely the modeling of the vector field Q i is the essence of the phenomenological approach, which describes the DE/DM interactions.
B. Description of the DE/DM coupling in the framework of an isotropic homogeneous cosmological model
When one deals with the spatially isotropic homogeneous cosmological model the key elements of the theory of DE and DM coupling can be simplified essentially. First of all, one uses the metric
with the scale factor a(t) depending on the cosmological time; one assumes that the energy-density scalars also depend on time only, W (t), E(t). Second, the eigen four-vectors U i and V i coincide and are of the form
Third, the pressure tensors happen to be reduced to the Pascal-type scalars P (t) and Π(t):
The four-vector Q i now is presented by one scalar function Q(t), since Q i = QU i in the spatially isotropic model. The function Q(t) is called in the review [21] by the term kernel of interaction. The master equations of the model can be now reduced to the following three ones:
where H(t) ≡ȧ a is the Hubble function, and the dot denotes the derivative with respect to time. The equation (9) is taken from the Einstein equations; the sum of (10) and (11) gives the total energy conservation law. Also, we use the standard linear equations of state
which allow us to focus on the analysis of the set of three equations for three unknown functions W , E and H. The history of modeling of the function Q(t) is well documented in the review [21] ; we focus below on a new (rheologicaltype) model.
III. RHEOLOGICAL-TYPE MODEL OF THE DE/DM COUPLING
A. Reconstruction of the kernel Q(t)
In order to reconstruct phenomenologically the interaction kernel Q(t) we use the ansatz based on the following three assumptions.
(i) The function Q(t) is presented by the integral operator of the Volterra type:
(ii) The Volterra integral contains the difference of the energy density scalars E(ξ) and W (ξ).
(iii) The kernel of the Volterra integral K(t, ξ) has a specific multiplicative form
Motivation of our choice is the following. 1) In the context of rheological approach we assume that the state of a fluid system at the present time moment t is predetermined by whole prehistory of its evolution from the starting moment t 0 till to the moment t. More than century ago it was shown, that the mathematical formalism appropriate for description of this idea can be based on the theory of linear integral Volterra operators, which have found numerous applications to the theory of media with memory. We also use this fruitful idea.
2) Our ansatz is that the interaction between two constituents of the Dark Fluid vanishes, if the DE energy density coincides identically with the DM energy density, W ≡ E. When W = E the integral mechanism of self-regulation inside the Dark Fluid switches on. For instance, during the cosmological epochs with DE domination, i.e., when W > E, the corresponding contribution into the interaction term Q is negative, the ratesẆ andĖ obtain negative and positive contributions, respectively (see (10) and (11)); when W < E, the inverse process starts thus regulating the ratio between DE and DM energy densities.
3) For classical models of fading memory the kernel of the Volterra operator is known to be of exponential form
T0 , where the parameter T 0 describes the typical time of memory fading, and the quantity K has the dimensionality [time]
−2 . When we work with the de Sitter scale factor a(t) = a(t 0 ) exp H 0 t, we can rewrite the kernel of the Volterra operator as follows:
where the parameter K 0 is dimensionless. This idea inspired us to formulate the ansatz, that not only for the de Sitter spacetime, but for Friedmann -type spacetimes also, we can use the kernel (14) with two additional model parameters, ν and K 0 .
B. Key equation of the model
In order to analyze the set of coupled equations (9)- (12), (13) with (14), let us derive the so-called key equation, which contains only one unknown function, W . In our model with the ansatz (14) the unknown functions W and E depend on time through the scale factor, i.e., W = W (a(t)), E = E(a(t)). Following the standard approach (see, e.g., the review [21] ), we introduce new dimensionless variable x instead of t using the definitions
When the function H(x) is found, the scale factor as the function of cosmological time can be found from the following quadrature:
In these terms three basic master equations take the form
Also, we have the consequence of two last equations:
The equation (18) is decoupled from this set; it can be used to find the Hubble function, when W (x) and E(x) are obtained. Two last integro-differential equations can be reduced to the differential ones:
Here and below the prime denotes the derivative with respect to dimensionless variable x. The next step is the following: we extract E(x) from (22) E
and put it into (21), thus obtaining the Euler equation of the third order
where the auxiliary parameters are the following:
We indicate the equation (25) as the key equation, since when W (x) is found, we obtain E(x) immediately from (24) , and then H(x) from (18).
IV. CLASSIFICATION OF SOLUTIONS
A. The scheme of classification
The characteristic equation for the Euler equation (25) is the cubic one:
As usual, we reduce the cubic equation to the canonic form
using the following definitions of the canonic parameters p and q:
The discriminant of the cubic equation (27) with p and q given by (29) is of the form
When ∆ < 0, the roots of the equation (27) are real and do not coincide, σ 1 = σ 2 = σ 3 . When ∆ = 0, the roots are real, but at least two of them coincide,
there is one real root, and a pair of complex conjugated, σ 1 , σ 2,3 = α ± iβ. Let us study all these cases in detail.
B. Solutions corresponding to the negative discriminant, ∆ < 0
The structure of the exact solution
It is the case, when the parameter p is negative, p < 0, and q 2 3 |p| 3 2 < 1, or in more detail
All three roots σ 1 , σ 2 , σ 3 are real and they do not coincide:
where the auxiliary angle 0 ≤ ϕ ≤ π is defined as follows:
In this case the key equation for the DE energy density scalar W (x) gives power-law solution:
Using the relationship (24) we obtain immediately the DM energy density scalar E(x)
The constants of integration C 1 , C 2 , C 3 can be expressed in terms of presented functions at t = t 0 , or equivalently, at x = 1; they are the solutions of the system:
Clearly, the first and third equations are the direct consequences of (34) and (35), respectively; as for the second relationship, we obtain it from (19) , when x = 1. The Cramer determinant for this system
is not equal to zero, thus the system has the unique solution:
Then, using the Einstein equation (18) we find the square of the Hubble function:
The scale factor a(t) can be now obtained from the integral
Generally, this integral can not be expressed in elementary functions; results of asymptotic analysis are discussed below.
Two auxiliary characteristics of the model and a scheme of estimation of the kernel parameters
(1) The acceleration parameter q The formula (43) allows us to calculate immediately the acceleration parameter:
(2) The DM/DE energy density ratio ω For many purposes it is important to have the ratio ω(x) = E(x)
W (x) . Direct calculation gives
Let us assume that the present moment of the cosmological time is t = T , and the corresponding value of the dimensionless scale factor is X = a(T ) a(t0) . Also, we use the following estimations for the present time parameters:
Thus, we have two relationships, which link the kernel parameters K 0 and ν with X and other coupling constants:
We hope to realize the whole scheme of fitting of the model parameters in a special paper.
Admissible asymptotic regimes, and constraints on the model parameters
There are three regimes of asymptotic behavior of the presented solutions.
(i) If the maximal real root, say σ 1 , is positive and the set of initial data is general, we see that W → ∞, E → ∞ and H → ∞, when x → ∞. The integral in (17) converges at a(t) → ∞, and the scale factor a(t) follows the law a(t) = a * (t * − t) − 2 σ 1 , and reaches infinity at t = t * . We deal in this case with the so-called Big Rip asymptotic regime, and the Universe follows the catastrophic scenario [11, 19] . In particular, when σ 1 > 0 and σ 2 < 0, σ 3 < 0, according to the Viète theorem, we can definitely say only that σ 1 σ 2 σ 3 = −D > 0, i.e., K 0 (Γ + γ) + 3νΓγ < 0. The asymptotic value of the acceleration parameter is equal to −q(∞) = 1 + σ1 2 . The final ratio between the DM and DE energy densities
does not depend on the initial parameters W (1) and/or E(1).
(ii) If the maximal real root, say σ 1 , is equal to zero, we see that D = 0, and thus
In this case the Hubble function tends asymptotically to constant H ∞ , given by
thus providing the scale factor to be of the exponential form a(t) → a ∞ e H∞t ; we deal in this case with the Pseudo Rip, or in other words, the late-time Universe of the quasi-de Sitter type. Clearly, the asymptotic value of the function −q(x), given by (45), is −q(∞) = 1. As for the asymptotic value of the quantity ω(x) (see (46)), it is now equal to ω(∞) = − Γ γ . Since ω is the non-negatively defined quantity, this situation is possible only if the ratio Γ γ is nonpositive. Thus, the evolution of the ratio
W (x) starts from the value E(1) W (1) and finishes with Γ γ . One can add that, when σ 1 = 0 and σ 2 < 0, σ 3 < 0, we obtain two supplementary inequalities:
These requirements restrict the choice of model parameters.
(iii) If all the roots are negative, we see that H → H 0 ≡ Λ 3 , when x → ∞, thus we obtain the classical de Sitter asymptote with −q(∞) = 1. When Λ = 0, all the roots are negative, and, say, σ 1 is the maximal among them, we see that W → 0, E → 0 at x → ∞. The scale factor behaves asymptotically as the power-law function a(t) ∝ t is positive, when |σ 1 | < 2. In particular, when σ 1 < 0, σ 2 < 0,
There are also cases related to the special choice of initial data W (1), E(1), as well as, of the choice of parameters K 0 , ν, Γ, γ. For instance, if we deal with the situation indicated as (i) but now C 1 = 0 due to specific choice of W (1), E(1), (see (40)), we obtain the situation (ii) or (iii).
C. Solutions corresponding to the positive discriminant, ∆ > 0
The structure of the exact solution
Now one root, say σ 1 , is real and σ 2,3 are complex conjugated:
where the auxiliary real parameters U and V
are chosen so that UV = − p 3 . Similarly to the case with negative discriminant, we obtain the DE energy density scalar
the DM energy density
where
The square of the Hubble function can be extracted from the formula
Admissible asymptotic regimes
Clearly, all three asymptotic regimes: the Big Rip, Pseudo-Rip, power-law expansion, mentioned above, also can be realized in this submodel. However, three new elements can be added into the catalog of possible regimes.
(i) The first new regime can be indicated as a quasi-periodic expansion; it can be realized when σ 1 = 0, α is negative, and H 2 ∞ > |h|. The square of the Hubble function can be now rewritten as follows:
Asymptotically, the Universe expansion tends to the Pseudo Rip regime, however, this process has quasi-periodic features.
(ii) The second new regime relates to σ 1 = 0, α = 0 and H 2 ∞ > |h|. The square of the Hubble function, the DE and DM energy densities become now periodic functions (see, e.g., (63) with α = 0).
(iii) The third regime is characterized by the following specific feature: H 2 takes zero value at finite x = x * . This regime can be effectively realized in two cases: first, when σ 1 = 0, α < 0 and H 2 ∞ < |h|; second, when σ 1 = 0, α > 0. In both cases the size of the Universe is fixed by the specific value of the scale factor a * = a(t 0 )x * .
D. Solutions corresponding to the vanishing discriminant, ∆ = 0
Two roots coincide, q = 0
It is the case, when all roots are real, but two of them coincide:
The DE and DM energy-density scalars contain logarithmic functions
where the constants of integration are
The square of the Hubble function is presented as follows:
Three roots coincide, q = 0
Now all the roots coincide
The DE and DM energy-density scalars, the square of the Hubble function contain logarithmic function and its square
Admissible asymptotic regimes
Since the Hubble function contains now the logarithmic terms log x and log 2 x, a new asymptotic regime, the socalled Little Rip, is possible. In the case of Little Rip we obtain that asymptotically H(t) → ∞ and a(t) → ∞, however, the infinite values can be reached during the infinite time interval only.
V. THREE EXAMPLES OF EXPLICIT MODEL ANALYSIS
As a preamble, we would like to recall that the set of model parameters (Γ, γ, K 0 , ν, Λ) is adequate for the procedure of fitting of the acceleration parameter −q(T ) ≃ 0.55 and of the factor
73 . Nevertheless, we do not perform this procedure in this paper, and do not accompany this procedure by the detailed plots of q(t), ω(t), H(t), etc. However, we think that for demonstration of analytical capacities of our new model, it is interesting to consider some exact solutions obtained for the set of parameters specifically chosen. Of course, when we introduce the model parameters "by hands", we restricts the time interval, on which the solution is physically motivated and is mathematically adequate. For instance, the super-inflationary solution discussed below can be applicable for the early Universe, but is not appropriate for the late-time period. Nevertheless, the presented exact solutions seem to be intriguing.
A. First explicit submodel, ∆ < 0, q = 0 and Λ = 0; how do the initial data correct the Universe destiny?
For illustration, let us consider the case with the following set of parameters:
Let us recall that for Γ = 0 according to (12) we obtain P = −W , i.e., the pressure typical for the Dark Energy. One deals with the Cold Dark Matter, when γ = 1; generally, γ ≥ 1. The (26) and (29) yield
Thus, for γ > 0 one root of the characteristic equation is positive, and other two are negative:
The constants of integration are, respectively,
Clearly, there are three principal situations, which correspond to three ranges of values of the initial parameter ω(1) = E (1) W (1) .
(i) When ω(1) = 2 + √ 3, i.e., C 1 = 0, and the growing mode is deactivated, the DE energy density, DM energy density take, respectively, the form
The function ω(
, which is given by
is positive and monotonic; it starts from the value ω(1)=2+ √ 3 and tends asymptotically to ω(∞)=1. In other words, the energy density of the Dark Matter tends to the energy density of the Dark Energy due to the interaction of the rheological type. The square of the Hubble function is also non-negative:
The scale factor a(t) can be found from the quadrature:
In the asymptotic regime the scale factor behaves as a(t) ∝ t 4 3γ , and the Hubble function H(t) tends to zero as
(ii) When 0 < ω(1) < 2 + √ 3, i.e., C 1 > 0, the integral ∞ 1 dx xH(x) converges, so the scale factor a(t) reaches infinite value at finite value of the cosmological time. The growing mode, which relates to the positive root σ 1 , become the leading mode, and we obtain the model of the Big Rip type.
(iii) When ω(1) > 2 + √ 3, i.e., C 1 < 0, we obtain the model in which the square of the Hubble function takes zero value at some finite time moment. In other words, the Universe expansion stops, the Universe volume becomes finite.
B. Second and third explicit submodels: The case ∆ = 0 and q = 0
For illustration we consider the model, in which all three roots coincide and are equal to zero, σ 1 = σ 2 = σ 3 = 0. Equivalently, we assume that the characteristic equation takes the form σ 3 = 0, and, thus, A = 0, B = 0, D = 0. Only one set of model parameters admits such solution, namely
2. The case W (1) + E(1) = 0: Super-inflationary solution For illustration we consider the simple submodel with Λ = 0, and assume that at t = t 0 the DE and DM energy densities coincide, i.e., E(1) = W (1). The integration in (89) yields now
This solution is of the super-inflationary type; at t → ∞ it behaves as
It can be indicated as a Little Rip according to the classification given in [11] . Also this solution appears in the model of Archimedean-type interaction between DE and DM [25] . The DE and DM energy densities behave as follows:
so, the function ω(t) = E(t) W (t) tends asymptotically to one. The Hubble function and acceleration parameter are, respectively
When we study the time interval t ≥ t 0 , we see that the function −q(t) starts with −q(t 0 ) = 1, reaches the maximum
and then tends to one asymptotically, −q(∞) = 1.
VI. DISCUSSION
We established the model of DE/DM interaction based on the interaction kernel of the Volterra type, as well as, classified and studied the obtained exact solutions. From our point of view, the results are inspiring. Let us explain our optimism.
1. The model of kernel of the DE/DM interaction, which possesses two extra parameters, K 0 and ν, is able to describe many known interesting cosmic scenaria: Big Rip, Little Rip, Pseudo Rip, de Sitter-type expansion; the late-time accelerated expansion of the Universe is the typical feature of the presented model.
2. When 2K 0 +3νΓ = 0, the solution of a new type appears, which is associated with the so-called effective cosmological constant. Indeed, if the standard cosmological constant vanishes, Λ = 0, we obtain according to (52) that the parameter H ∞ = 0 plays the role of an effective Hubble constant. It appears as the result of integration over the whole time interval; it can be associated with the memory effect produced by the DE/DM interaction; we can introduce the effective cosmological constant Λ * ≡ 3H 2 ∞ , which appears just due to the interaction in the Dark sector of the Universe.
3. The regular bounce-type (see (90)) and super-inflationary (see (97)) solutions appear, when the characteristic polynomial of the key equation admits three coinciding roots σ = 0. Both exact solutions belong to the class of solutions describing the Little Rip scenaria.
4. The model of the DE/DM coupling based on the Volterra-type interaction kernel can solve the Coincidence problem. Indeed, the asymptotic value ω(∞) of the function ω(x) = E(x) W (x) is predetermined by the choice of parameters K 0 and ν entering the integral kernel (13), (14) . Even if the initial value E(1) of the Dark Matter energy density is vanishing, the final value E(∞) is of the order of the final value W (∞) due to the integral procedure of energy redistribution, which is described by the Volterra operator (see, e.g., the example (50)). In other words, the DE component of the Dark Fluid transmits the energy to the DM components during the whole evolution time interval, and this action "is remembering" by the Dark Fluid.
5. Optimization of the model parameters K 0 , ν, Γ, γ using the observational data is the goal of our next work. However, some qualitative comments concerning the ways to distinguish the models of DE/DM interactions can be done based on the presented work. For instance, when one deals with the standard ΛCDM model, the profile of the energy density associated with the Dark Energy is considered to be the horizontal straight line; the DM energy density profile decreases monotonically, thus providing the existence of some cross-point at some finite time moment. For this model the time derivativeẆ (t) vanishes, so thatẆ (t) = 0 andĖ(t) = 0 never coincide. In the model under discussion, the profiles E(t) and W (t) do not cross; these quantities tend to one another asymptotically. As for the rates of evolution, the quantitiesẆ (t) andĖ(t) can coincide identically (see, e.g., (96)), or can tend to one another asymptotically. In other words, one can distinguish the models of DE/DM interaction if to analyze and compare the rates of evolution of the DE and DM energy density scalars.
